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Abstract
In this paper, we investigate the property of essential soft submodule and give an equivalent
condition of essential soft submodule. Then the concept of the socle of a soft module is
introduced, basic properties of such soft submodules are investigated, several equivalent
definitions of the socle and the radical of a soft module are given respectively. Also, examples
of these related soft submodules are given.
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Introduction

Many practical problems, in economics, engineering, environment, social science, medical
science etc., with uncertainty as part of the data are not effectively dealt with by classical
methods. Some of these difficulties is due to uncertainties and the inadequacy of the theories
of parameterization tools. In 1999, Molodtsov [1] initiated the notion of soft sets as a general
mathematical framework for dealing with uncertainty.
In 2003, Maji et al. [2] studied the operation on soft sets. In 2007, Aktas and Cagman [3]
defined soft groups and compared soft sets with rough sets. In 2008, Feng et al. [4] introduced
the notions of soft semirings and soft ideals, and then Acar et al. [5] introduced initial concepts
of soft rings in 2010. In 2009, Irfan et al. [6] defined a new operation on soft sets.
In 2008, Sun et al. [7] defined soft modules and investigated their basic properties. In
2011, Atagun and Sezgin [8] studied soft substructures of rings and modules; Xiao [9] proved
the isomorphism theorems of soft modules and studied the exact sequence of soft modules;
Gunduz and Bayramov [10] introduced the concept of intuitionistic fuzzy soft module and
some operations on intuitionistic fuzzy soft modules. In 2012, Yin et al. [11] discussed
the operation properties and algebraic structure of intuitionistic fuzzy soft sets. In 2013,
Xiang [12] studied soft modules; Ozturk et al. [13] investigated the inverse and direct systems
of soft modules; Turkmen and Pancar [14] introduce the notions of sum and direct sum of soft
submodules, small soft submodules and the radical of a soft module, and discussed the relation
of the radical of a soft module with its small soft submodules and maximal soft submodules.
In 2014, Shah and Medhit [15] investigated primary decomposition in a soft ring and a soft
module. In 2018, Onar et al. [16] studied vague soft modules.
In 2017, Yucel and Acar [17] defined essential soft submodule and complement of a soft
submodule, and obtained some basic properties of these soft submodules.
The main purpose of this paper is to introduce the concept of the socle of a soft submodule
and another definition of essential soft submodules which is a little different from that given
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in [17], to investigate basic properties of essential soft submodule and the socle of a soft module, and to give several equivalent
definitions of essential soft submodule, the socle and the radical
of soft modules, respectively.

Definition 8 ( [8]). A soft module (F, A) over M is called
whole if F (a) = M for every a ∈ A. A soft module (F, A)
over M is called trivial if F (a) = 0, for every a ∈ A, denoted
by (F, A) = 0.

2.

Directly from this definition we see that every module M
and set A give a whole soft module and a trivial soft module.
Now we define minimal soft submodule.

Preliminary

Definition 1 ( [1]). Let U be an initial universe set, E be a set
of parameters, P (U ) be the power set of U and A ⊆ E. An
ordered pair (F, A) is called a soft set over U , where F is a set
valued mapping given by
F : A → P (U ).
Definition 2 ( [2]). Let (F, A) and (G, B) be soft sets over a
common universe U . If B ⊆ A and G(x) ⊆ F (x) for every
x ∈ B, then we say that (G, B) is a soft subset of (F, A),
˜
denoted by (G, B)⊆(F,
A).
Example 3. Let (F, A) be a soft set over U and B ⊆ A. Then
˜
(F |B , B)⊆(F,
A), where F |B is the restriction of F on B.
Definition 4 ( [14]). Let (F, A) and (G, B) be soft sets over a
common universe U , and A∩B 6= Φ. The restricted intersection
of (F, A) and (G, B) is denoted by (F, A) e (G, B), and is
defined to be (F, A) e (G, B) = (H, A ∩ B), where H(x) =
F (x) ∩ G(x) for all x ∈ A ∩ B.
Throughout this paper, R is an associative ring with identity
and all modules are left R-modules, unless otherwise stated.
Let M and N be R-modules. By N ≤ M , we mean that N is
a submodule of M .
Now we introduce soft module.
Definition 5 ( [7]). Let M be an R-module and (F, A) be a
soft set over M . We say that (F, A) is a soft module over M if
F (a) ≤ M for all a ∈ A.
Definition 6 ( [7]). Let (F, A) and (G, B) be soft modules over
M . (G, B) is said to be a soft submodule of (F, A), denoted
˜
by (G, B)≤(F,
A), if B ⊆ A and G(b) ≤ F (b) for all b ∈ B.
˜
˜
If (G, B)≤(F, A) and (F, A)≤(G,
B), then we say two soft
modules (G, B) and (F, A) are soft equal and write (G, B) =
(F, A).
Example 7. Let (F, A) be a soft module over M and B ⊆ A.
˜
Then (F |B , B)≤(F,
A), where F |B is the restriction of F on
B.
11 | Bijan Davvaz, Jing Ma, and Chengxiz Sun

˜
Definition 9. Let (G, B)≤(F,
A) be soft modules over M .
(G, B) is said to be a minimal soft submodule of (F, A), if
G(b) is a minimal submodule of F (b) for all b ∈ B.
Example 10. Let n be a big integer and n = pe11 · · · pet t be
its prime decomposition with ei > 0. Take M = Zn as a Zmodule. Let A = Z, B = {n/pi | i = 1, . . . , t}, F (a) = Zn
for a ∈ A and G(b) = bZn for b ∈ B. Then G(b) is a minimal
submodule of F (b) for each b ∈ B, so that (G, B) is a minimal
soft submodule of (F, A).
We use the following definitions of several special kind of
soft submodules from the references.
˜
Definition 11 ( [14]). Let (G, B)≤(F,
A) be soft modules over
M . (G, B) is said to be a maximal soft submodule of (F, A),
if G(b) is a maximal submodule of F (b) for all b ∈ B.
Example 12. Let n be a big integer and n = pe11 · · · pet t be
its prime decomposition with ei > 0. Take M = Zn as a
Z-module. Let A = Z, B = {pi | i = 1, . . . , t}, F (a) = Zn
for a ∈ A and G(b) = bZn for b ∈ B. Then G(b) is a maximal
submodule of F (b) for each b ∈ B, so that (G, B) is a maximal
soft submodule of (F, A).
˜
Definition 13 ( [14]). Let (G, B)≤(F,
A) be soft modules over
M . (G, B) is said to be a small (superfluous) soft submodule of (F, A), if G(b)  F (b) for all b ∈ B, denoted by
˜
(G, B)(F,
A).
Definition 14 ( [14]). Let (F, A) be a soft module over M ,
and {(Fi , Ai )}i∈I be a family of soft submodules of (F, A),
where I is a nonempty set. The sum of the soft submodules
{(Fi , Ai )}i∈I of (F, A) is defined to be
Σ̃i∈I (Fi , Ai ) = (H, ∪i∈I Ai ),
where H(a) = Σi∈I(a) Fi (a), I(a) = {i ∈ I | a ∈ Ai }
for a ∈ ∪i∈I Ai . Particularly, for soft submodules (F1 , A1 ),
. . . , (Fn , An ) of (F, A), the sum of (F1 , A1 ), . . . , (Fn , An ) is
denoted by (F1 , A1 )+̃ · · · +̃(Fn , An ).
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Lemma 15 ( [14]). Let (F, A) be a soft module over M , and
{(Fi , Ai )}i∈I be a family of soft submodules of (F, A). Then
˜
Σ̃i∈I (Fi , Ai ) is a soft submodule of (F, A), and (Fi , Ai )≤
Σ̃i∈I (Fi , Ai ).
˜
Proposition 16 ( [14]). Let (G, B)≤(F,
A) be soft modules
over M . Then

Proof. Suppose A = B and G(a) E F (a) for each a ∈ A. If
there is a soft submodule (H, C) of (F, A) such that (G, A) e
(H, C) = 0. Then G(c) ∩ H(c) = 0 for c ∈ C ⊆ A. While
G(c) is essential in F (c), so H(c) = 0 for any c ∈ C, i.e.,
(H, C) = 0.
Conversely, suppose (G, B)Ẽ(F, A). Assume B ( A, then
A − B 6= ∅. Let (T, A) be a soft submodule of (F, A) such that

(G, B)+̃(F, A) = (F, A).
Definition 17 ( [7]). Let M and N be R-modules, (F, A)
and (G, B) be soft modules over M and N respectively. The
ordered pair (f, g) is called a soft homomorphism, in case
f : M → N is a homomorphism of modules, g : A → B is a
mapping, such that f (F (a)) = G(g(a)) for all a ∈ A. In this
case, we write (f, g) : (F, A) → (G, B).

3.

Essential Soft Submodules

Essential submodule plays an important role in module theory.
Recall the definition of essential submodule. Let M be an Rmodule, K be a submodule of M . K is essential in M , in case
K ∩ L 6= 0 for every nontrivial submodule L of M , denoted by
K E M . For the basic properties of essential submodules see
[18–20]. In 2017, Yucel and Acar [17] introduced a definition of
essential soft submodules and investigated the basic properties
of essential soft submodules.
Definition 18 ( [17]). Let (F, A) be a soft module over M .
A nontrivial soft submodule (G, B) of (F, A) is called essen˜ e (F, A), if
tial soft submodule in (F, A), denoted by (G, B)≤
(G, B) e (T, C) is nontrivial for every nontrivial submodule
(T, C) of (F, A) such that B ∩ C 6= ∅.
In this section, we give another definition of essential soft
submodules, then give an equivalent condition of such defined
essential submodules and study the property of essential submodule under soft homomorphism.
Definition 19. Let (F, A) be a soft module over M . A nontrivial soft submodule (G, B) of (F, A) is called essential soft
submodule in (F, A), denoted by (G, B)Ẽ(F, A), if (G, B) e
(T, C) is nontrivial for every nontrivial soft submodule of
(F, A).
The following theorem provides an equivalent definition of
essential soft module.
˜
Theorem 20. Let (G, B)≤(F,
A) be soft modules over M , then
(G, B)Ẽ(F, A) if and only if A = B and G(a) E F (a) for each
a ∈ A.
www.ijfis.org

T (a) =

(
F (a),
0,

a ∈ A − B,
a ∈ B,

then (T, A) is a nontrivial soft submodule of (F, A) and (G, B)e
(T, A) is trivial, a contradiction. Hence A = B. For a ∈ A, if
there is some K ≤ F (a) such that K ∩ G(a) = 0. Take
C = {a}, T (a) = K.
˜
Then C ⊆ A, (T, C)≤(F,
A) and (T, C) e (G, A) = 0, which
implies (T, C) = 0. In particular, K = T (a) = 0. Therefore
G(a) E F (a) for each a ∈ A.
Every soft module has an essential soft submodule, since
every module has an essential submodule. A trivial example of
essential soft submodule is (F, A)Ẽ(F, A) for any soft module
(F, A). For nontrivial example see the following.
Example 21. Take Z as a Z-module. Let (F, N) be a whole
soft module over Z, i.e., F (n) = Z for all n ∈ N. Let (G, N)
be a soft module over Z with G(n) = nZ, n ∈ N. Note that
nZ E Z, so (G, N)Ẽ(F, N) by Theorem 20.
As a corollary of Theorem 20, we give another equivalent
definitions for essential soft submodule.
˜
Corollary 22. Let (G, B)≤(F,
A) be soft modules over R M .
Then (G, B)Ẽ(F, A) if and only if A = B and for each a ∈ A,
0 6= x ∈ F (a), there exists an r ∈ R such that 0 6= rx ∈ G(a).
Proof. By Theorem 20, (G, B)Ẽ(F, A) if and only if A = B
and G(a) E F (a) for any a ∈ A, which is equivalent to say
that, for any a ∈ A and 0 6= x ∈ F (a), there is an r ∈ R such
that 0 6= rx ∈ G(a) [18, Lemma 5.19].
Definition 23. Let (F, A) and (G, B) be soft modules over M
˜
and N , respectively, (H, C)≤(F,
A), and (f, g) : (F, A) →
(G, B) be a soft homomorphism. Define H 0 (c) = f (H(c)),
c ∈ C. Then (H 0 , C) is a soft module over N , called the
image of (H, C) under (f, g), denoted by (f, g)(H, C). Let
˜
(K, D)≤(G,
B). For d ∈ D, define K 0 (d) = f ← (K(d)).
A Note on Essential Soft Submodules
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Then (K 0 , D) is a soft module over M , called the preimage of
(K, D) under (f, g), denoted by (f, g)← (K, D).
Directly from this definition we get the following.
Proposition 24. Let (f, g) : (F, A) → (G, B) be a soft homomorphism. Then
˜ (H2 , C2 ) ≤(F,
˜
(1) for any (H1 , C1 )≤
A),
˜
(f, g)(H1 , C1 )≤(f,
g)(H2 , C2 );
˜ (K2 , D2 )≤(G,
˜
(2) for any (K1 , D1 )≤
B),
˜
(f, g)← (K1 , D1 )≤(f,
g)← (K2 , D2 );
˜
(3) for any (K1 , D1 )Ẽ(K2 , D2 )≤(G,
B),
(f, g)← (K1 , D1 )Ẽ(f, g)← (K2 , D2 ).
˜ 2 , C2 ), then H1 (c) ≤ H2 (c) for any
Proof. If (H1 , C1 )≤(H
˜ 2 , D2 ),
c ∈ C1 . Hence f (H1 (c)) ≤ f (H2 (c)). If (K1 , D1 )≤(K
then we have K1 (d) ≤ K2 (d) for any d ∈ D1 . Hence f ← (K1 (d))
≤ f ← (K2 (d)). Furthermore, suppose (K1 , D1 )Ẽ(K2 , D2 ),
then K1 (d)EK2 (d) for any d ∈ D1 which implies f ← (K1 (d))
Ef ← (K2 (d)).

4.

The Socle of Soft Modules

˜
Directly from Definition 25 we get SocM (F, A)≤(F,
A).
For a module M , Soc M is the largest semisimple submodule.
We will show that, the socle of soft modules is also the largest
semisimple soft submodule of (F, A). Now we define a simple
(semisimple) soft submodule.
Definition 27. Let (F, A) be a soft module over M . A soft
submodule (G, B) of (F, A) is said to be simple (semisimple),
if F (a) is a simple (semisimple) submodule of M for all a ∈ A.
Example 28. Let n be an integer. Take M = Zn as a Z-module.
Let A = {a > 0 | n/a is prime}, and F (a) = aZn for a ∈ A.
Then F (a) ∼
= Zp where p = n/a, (F, A) is a simple soft
module over Zn and Soc F (a) = Soc aZn = aZn = F (a).
Therefore, SocM (F, A) = (F, A).
Example 29. Let n be a square free integer. Take M = Zn
as a Z-module. Then M = Zp1 ⊕ · · · ⊕ Zpt is semisimple.
Let A = {a > 0 | a|n}, and F (a) = aZn for a ∈ A. Then
(F, A) is a semisimple soft module over Zn and Soc F (a) =
Soc aZn = aZn = F (a). Therefore, SocM (F, A) = (F, A).
Proposition 30. Let (F, A) be a soft module over M . Then
SocM (F, A) is the largest semisimple soft submodule of (F, A).
Proof. Note that Soc F (a) is the largest semisimple submodule
˜
of F (a), so SocM (F, A) is semisimple. Let (G, B)≤(F,
A) be
semisimple. Then G(b) ≤ Soc F (b) for all b ∈ B, hence
˜
(G, B)≤Soc
(F, A).

In this section, we introduce the definition of the socle of soft
modules and investigate its basic properties. We also give two
equivalent expressions of the socle of soft modules.

˜
Proposition 31. Let (F, A) be a soft module over M , (G, B)≤
(F, A). Then,

Definition 25. Let (F, A) be a soft module over M . The socle
of (F, A) is defined to be a soft module (S, A) over M , such
that S(a) = Soc F (a) for all a ∈ A, denoted by (S, A) =
SocM (F, A).

SocM (G, B) = (G, B) e SocM (F, A).

Note that the socle of Z is zero, so the socle of a whole soft
module (F, A) over the regular module Z Z is trivial. Next we
give some nontrivial examples.
Example 26. Let n be a big integer and n = pe11 · · · pet t be
its prime decomposition with ei > 0. Take M = Zn as a Zmodule. Let A = N, and F (a) = Zn for a ∈ A. Then (F, A)
is a soft module over Zn and
Soc F (a) = Soc Zn =

X n
Zn ∼
= ⊕pi |a Zpi .
pi

pi |n

Therefore, SocM (F, A) = (S, A) and S(a) ∼
= ⊕pi |a Zpi .
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Particularly, SocM (SocM (F, A)) = SocM (F, A).
˜
Proof. Since (G, B)≤(F,
A), then G(b) ≤ F (b) for all b ∈
B. [18, Corollary 9.9] implies Soc G(b) ≤ Soc F (b) for all
˜
b ∈ B, hence SocM (G, B)≤Soc
M (F, A) and then the first
conclusion follows. Taking (G, B) = SocM (F, A) gives the
second equation.
Proposition 32. Let (F, A) be a soft module over M . Then
SocM (F, A)Ẽ(F, A) if and only if each nontrivial soft submodule of (F, A) contains a minimal soft submodule.
Proof. Suppose SocM (F, A)Ẽ(F, A). Then SocF (a) E F (a)
for all a ∈ A. Let (H, B) be a nontrivial soft submodule of
(F, A), then there is some b ∈ B ⊆ A such that H(b) is a
nonzero submodule of F (b). It follows from [18, Corollary
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9.10] that H(b) contains a minimal submodule. Let Lb be a
minimal submodule of H(b). Define (T, C) to be the nontrivial
soft submodule of (H, B) with

Soc F (a) is the intersection of all of the essential submodules
˜
of F (a), then S(a) ≤ H(a). Hence (S, A)≤(H,
A).
Conversely, for a0 ∈ A, let La0 be any essential submodule
of F (a0 ). Define

C = {b}, T (b) = Lb .
(
Then (T, C) is a minimal soft submodule of (H, B).
Conversely, suppose each nonzero soft submodule of (F, A)
contains a minimal soft submodule. For a ∈ A, let Ka be
any nonzero submodule of F (a). Define (GKa , BKa ) to be the
nonzero soft submodule of (F, A) with
BKa = {a}, GKa (a) = Ka .
Then (GKa , BKa ) is a nontrivial soft submodule of (F, A). Let
(T, C) be a minimal soft submodule of (GKa , BKa ). Then C =
BKa = {a} and T (a) is a minimal submodule of GKa (a) =
Ka , i.e., a minimal submodule of F (a). That is to say, every
nonzero submodule of F (a) contains minimal submodule. It
follows from [18, Corollary 9.10] that Soc F (a) E F (a) for all
a ∈ A, hence SocM (F, A)Ẽ(F, A).
Proposition 33. Let (F, A) and (G, B) be soft modules over
M and N , respectively, (f, g) : (F, A) → (G, B) be a soft
homomorphism. Then
˜
(f, g)(SocM (F, A))≤Soc
N (G ◦ g, A).
Proof. Since (f, g) is a soft homomorphism, then f (F (a)) =
G(g(a)) for all a ∈ A. Applying [18, Proposition 9.8] to the homomorphism f |F (a) : F (a) → G(g(a)) gives f (Soc F (a)) ≤
˜
Soc G(g(a)). Therefore (f, g)(SocM (F, A))≤Soc
N (G◦g, A).

GLa0 (a) =

La0 ,

a = a0 ,

F (a),

a 6= a0 , a ∈ A.

Then (GLa0 , A) is an essential soft submodule of (F, A). So
˜ (GLa , A)
(H, A) = e{(G, A) | (G, A)Ẽ(F, A)} ≤
0
for each a0 ∈ A and La0 essential in F (a0 ). Hence
˜ e {(GLa , A) | La0 E F (a0 ), a0 ∈ A}.
(H, A) ≤
0

(1)

Notice that for each a0 ∈ A, La0 go through all of the essential soft submodule of F (a), then by [18, Proposition 9.7],
˜ (S, A).
∩La0 EF (a0 ) La0 = Soc F (a0 ). Then (1) reads (H, A) ≤
To proof the second equation, denote
(K, A) = Σ̃{(G, B) | (G, B) is minimal in (F, A)}.
Then, K(a) = Σa∈B G(a), where (G, B) goes through all the
minimal soft submodules of (F, A) with a ∈ B. That is to say,
K(a) is a sum of some minimal submodules of F (a). Note that
S(a) = Soc F (a) is the sum of all of the minimal submodules
of F (a) [18, Proposition 9.7], then K(a) ≤ S(a) for all a ∈ A.
˜
Therefore, (K, A)≤(S,
A).
Conversely, for a ∈ A, if Sa is a minimal submodule of
F (a), define
BSa = {a}, GSa (a) = Sa .

We find two equivalent definitions of the socle of soft module.
Theorem 34. Let (F, A) be a soft module over M . Then

Then (GSa , BSa ) is a minimal soft submodule of (F, A) and
˜ Σ̃{(G, B) | (G, B) is minimal in (F, A)}
(GSa , BSa )≤

SocM (F, A) = e{(G, A) | (G, A) is essential in (F, A)}

= (K, A).

= Σ̃{(G, B) | (G, B) is minimal in (F, A)}.
Hence
Proof. Denote
(S, A) = SocM (F, A),
(H, A) = e{(G, A) | (G, A) is essential in (F, A)}.
Then H(a) = ∩(G,A)Ẽ(F,A) G(a) for each a ∈ A. That is
to say, H(a) is an intersection of some essential submodules
of F (a). By Definition 25 and [18, Proposrion 9.7], S(a) =
www.ijfis.org

(S, A) = Σ̃{(GSa , BSa ) | Sa is minimal in F (a), a ∈ A}
˜
≤(K,
A),

(2)

where for the first equation we use the fact Σ{Sa | Sa is minimal in F (a)} = Soc F (a) for all a ∈ A [18, Proposition
9.7].
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5.

The Radical of Soft Modules

In 2013, Turkmen and Pancar [14] defined the radical of soft
module.
Definition 35 ( [14]). Let (F, A) be a soft module over M .
The radical of (F, A) is defined to be (R, A), where R(a) =
Rad F (a) for all a ∈ A, and denoted by (R, A) = RadM (F, A).
Now we compute the soft radicals of the examples we discuss
in last section.
Example 36. Let n be a big integer and n = pe11 · · · pet t be
its prime decomposition with ei > 0. Take M = Zn as a Zmodule. Let A = N, and F (a) = Zn for a ∈ A. Then (F, A) is
a soft module over Zn and RadF (a)= RadZn = ∩pi |n pi Zn =
p1 · · · pt Zn ∼
= ⊕pi |a Zpei −1 . Therefore, RadM (F, A) = (R, A)
i
and R(a) ∼
= ⊕pi |a Zpe1 −1 .

Notice that for each a ∈ A, Ka go through all of the small soft
submodule of F (a), then by [18, Proposition 9.13], Σ{Ka |
Ka  F (a)} = Rad F (a) for each a ∈ A. Hence equation
(3) reads
˜ Σ̃{(G, B) | (G, B) is small in (F, A)},
RadM (F, A) ≤
and then [14, Theorem 9] implies the first equation.
To proof the second equation, fix a maximal submodule
Ma ≤ F (a) for each a ∈ A. For a0 ∈ A, if La0 is a maximal
submodule of F (a0 ), define
GLa0 (a) =

˜ e {(G, A) | (G, A) is maximal in (F, A)}.
RadM (F, A) ≤

a 6= a0 , a ∈ A.

˜ (GLa , A)
e{(G, A) | (G, A) is maximal in (F, A)} ≤
0
for each a0 ∈ A and La0 maximal in F (a0 ), and then
˜ (F, A) maximal}
e {(G, A) | (G, A) ≤
˜ e {(GLa , A) | La0 ≤ F (a0 ) maximal, a0 ∈ A}
≤
0

Turkmen and Pancar ( [14, Theorem 9, 10]) discussed the
properties of the radical of soft module and proved
˜ RadM (F, A),
˜ (F, A)} ≤
Σ̃{(G, B) | (G, B)

Ma ,

a = a0 ,

Then (GLa0 , A) is a maximal soft submodule of (F, A). Hence

i

Example 37. Let n be an integer. Take M = Zn as a Zmodule. Let A = {a > 0 | n/a is prime}, and F (a) = aZn
for a ∈ A. Then Rad F (a) = Rad aZn = 0. Therefore,
RadM (F, A) = 0.

(
La0 ,

= RadM (F, A).

(4)

Here, for the last equation we use the fact that ∩{La | La is
maximal in F (a)} = Rad F (a) for each a ∈ A [18, Proposition 9.13]. Then [14, Theorem 10] implies the second equation.

We find that these two relations actually induce two equivalent definitions of the radical of soft module.
Theorem 38. Let (F, A) be a soft module over M . Then

6.

RadM (F, A) = Σ̃{(G, B) | (G, B) is small in (F, A)}
= e{(G, A) | (G, A) is maximal in (F, A)}.
Proof. For a ∈ A, let Ka be any small soft submodule of F (a).
Define
BKa = {a}, GKa (a) = Ka .

Conclusion

In this paper, we defined the socle of a soft module and redefine
essential soft submodules which is a little different from [17],
investigated the property of essential soft submodule and the
socle of a soft module. Further, we gave several equivalent
definitions of essential soft submodule, the socle and the radical
of soft modules.

˜
Then (GKa , BKa )(F,
A) and Lemma 15 implies
˜ Σ̃{(G, B) | (G, B)(F,
˜
(GKa , BKa ) ≤
A)},
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